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ABSTRACT: The Freed—-Edwards theory of the concentration dependence of the hydrodynamics of polymer
solutions is generalized to consider the concentration dependencies of the Rouse mode relaxation times at
low frequencies and at low, but finite, concentrations in both good and 6 solutions. It is shown that the
concentration dependencies of the Rouse mode relaxation times are of the form 7, = 7,2(1 + cA,™ + ...), to
lowest order in the concentration, ¢, where p is the Rouse mode index and r,° is the infinite dilution lifetime.
x is 0.5 for © solutions and 0.65-0.8 for good solutions. An explicit expression for the positive constant A
is given and its dependence on the extent of excluded volume effect is discussed. An expression for the frequency
dependent Huggins coefficient is derived. The dimensionless ratio, v, used to characterize the experimental
limiting concentration dependence of the viscoelastic properties of polymer solutions, is calculated in the
framework of our theory. v is obtained as 2.4366 for 8 solutions and in the range of 2.7394 to 2.8445 for good
solvents in reasonable agreement with data on polystyrene.

I. Introduction

Theories are available to describe the dynamic vis-
coelastic properties for polymer solutions at infinite di-
lution.'”? Extensive measurements of dynamic viscoelastic
properties of several polymers at very low concentrations
show that the infinite dilution behavior in © solvent
corresponds to the theory of Zimm? at sufficiently low
frequencies. In good solvents the results can be described
in the theory of Tschoegl* with intermediate hydrodynamic
interaction.

At finite concentrations, all the Rouse modes, in
principle, must develop concentration dependencies. In
order to interpret their experimental data, Johnson et al.’?
consider simple models because of the lack of theories of
the concentration dependence of viscoelastic properties of
polymer solutions. Their models involve two extreme cases
as follows: (i) The relaxation frequencies of all the Rouse
modes are shifted equally due to the finite concentration;
(ii) Only the relaxation frequency of the lowest mode is
affected by concentration, and the rest of the Rouse modes
behave as if in infinite dilution. Comparing the simple
model prediction with their experimental measurements,
they conclude that case (ii) is closer to the reality, but that
the deviation from experimental values is due to the
omission of the smaller concentration dependence of the
lifetimes of higher modes.

Thus, it is of interest to consider a theory of the con-
centration dependence of polymer dynamics at finite, but
low, concentrations in which all of the Rouse mode life-
times may be affected. Recently, a theory of polymer
viscosity in concentrated solutions has been presented by
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Freed and Edwards.®® Hence, we generalize the Freed—
Edwards theory to consider the frequency dependence of
the viscosity at low, but finite, concentration of the
polymer solution in both good solvents and © solvents.

In this paper, we ignore the presence of internal viscosity
because the experiments of interest involve sufficiently low
frequencies that this extra loss mechanism is not required.
However, either the phenomenological form of Peterlin or
any other form, that would result out of the major efforts
pursued by different research groups at present, can readily
be incorporated into the general theory presented here
without any difficulty.

In order to consider the frequency dependence of the
viscosity at low, but finite, concentrations of the polymer
solution a Rouse—Zimm model is utilized for systems under
6 conditions. A concentration dependence of the
Rouse-mode relaxation rates arises because of the following
physical processes: Interpolymer hydrodynamic inter-
actions imply that, say, monomer i or chain « has hy-
drodynamic interactions with other chains 3 which, in turn,
have hydrodynamic interactions with monomers j = i on
«. This leads to a concentration dependent indirect (i.e.,
via other chains) hydrodynamic interaction between all
pairs of monomers { and j on each chain «. Just as the
direct (zero concentration, Oseen) hydrodynamic inter-
actions change all of the Rouse relaxation rates into the
Rouse-Zimm values, the indirect hydrodynamic interac-
tions provide an additional concentration-dependent
portion to these rates at finite concentrations. The indirect
hydrodynamic interactions occur in the static limit, but
they also acquire a frequency dependence by virtue of the
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dynamics of the polymers. This frequency dependence,
however, is found to only affect numerical coefficients.

In good solvents a Rouse model for the chain backbone
is untenable, so we utilize a Tschoegl type model which
contains a nonuniform scaling of the bead spring force
constants by factors of |i - j]'™. In addition, the effects
of interchain excluded volume are modeled by the inclusion
of a concentration dependence to these non-Rouse
backbone force constants. Again the concentration de-
pendent indirect hydrodynamic interactions provide a
concentration dependent contribution to the relaxation
rates of the chain modes (which we term “Rouse modes”).

Before presenting the outline of this paper, we briefly
summarize the important results derived in this paper for
the benefit of experimentalists who are uninterested in the
mathematical details.

(i) First, all the Rouse mode relaxation times, 7,, develop
concentration dependencies of the form

T = Tpo(l +cAp™+..) (L1

to lowest order in the concentration, c. Here p is the Rouse
mode index, 7, is the infinite dilution lifetime, and A and
« are positive constants, both depending on the extent of
the presence of excluded volume effect [see eq V.3]. «is
1/, for © solvent systems in the range of 0.65 to 0.80 and
for good solvent systems. Thus, all the Rouse mode re-
laxation times are lengthened by an increase in concen-
tration of the polymer solution, the lowest mode being
affected the most and the higher ones being affected
progressively less.

(ii) From the values of k, it is shown that the concen-
tration dependence of the Rouse mode relaxation times
is more pronounced in a © solvent than in a good solvent.
However, the decreasing importance of the concentration
dependent shift of the lifetimes of the higher Rouse modes
becomes more pronounced in a good solvent.

(iii) A dimensionless ratio, v, has been defined in the
literature® as a very useful experimental measure of the
development of the limiting concentration dependence of
the viscoelastic properties of polymer solutions. We have
calculated this quantity in the framework of our theoretical
derivation. It is found to be independent of A for wr; <<
1, and for this low frequency range we calculate the values

v = 2.4366 for a O solvent
v = 2.7394-2.8445 for a good solvent (1.2)

(iv) A discussion of the frequency dependent Huggins
coefficient shows that the Huggins coefficient is directly
proportional to A. Hence, the experimental determination
of the Huggins coefficient can be utilized to obtain an
experimental value of A and consequently the magnitude
of the leading concentration dependence of the various
Rouse mode relaxation times under any given extent of
excluded volume effect.

The organization of the paper is as follows. In section
II, we review the basic physical content of the Freed-
Edwards theory and generalize the important results for
good solvents and for finite frequencies of the experimental
probe. The dynamic mean-square segment-to-segment
distance and the effective concentration dependent hy-
drodynamic interaction tensor are the basic ingredients
of the theory for the description of the concentration
dependent mode lifetimes and dynamic viscosity. In
section I1I, we discuss the concentration dependence of the
random thermal forces in the fluid, which drive the
Brownian motion of the polymer chains, to derive the
concentration dependent dynamical mean-square bead-
to-bead distance. In section IV, we discuss the frequency
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dependent hydrodynamic interaction tensor, the mathe-
matical difficulties involved in its evaluation, and the
approximations that have been invoked. In section V, the
leading concentration dependence of all the Rouse mode
relaxation times is obtained in the form of (I.1) above. In
section V, a derivation is given for the dynamic specific
viscosity in terms of the relaxation times for the individual
Rouse modes. An expression for the frequency dependent
Huggins coefficient is also presented. In the final section,
we review the assumptions invoked and the major results
derived in this paper.

II. Review of Freed-Edwards Theory

As the detailed derivations of the equations, involved
in the theory of the concentration dependent polymer
dynamics in solution, are discussed in the earlier papers,®!
only the final results, necessary to display the physical
concepts and to proceed with the analysis herein, are given.

The pure fluid is taken to obey the linearized Navier-
Stokes equation with force terms describing the friction
forces exerted on the fluid by the polymers in solution.
The polymers experience these friction forces as well as
random forces which are responsible for driving the chain
Brownian motion. The equations for the coupled dynamics
of the polymer and fluid, respectively, are then given by®®

poaitu(r,t) ~ oVRu(r,t) + VP(r,t) = Flr,t) +

N n
2 28r - R(t)]oy(t) (IL1)

a=1li=1
AL(OR,;(t) = —a,(t) + £,(8) (11.2)

In (IL.1), u(r,t) is the fluid velocity at the space—time point
r, t; po and 7, are the pure fluid density and shear viscosity,
respectively; P(r,t) is the fluid pressure which is deter-
mined by the condition of fluid incompressibility,

Veu(r,t) =0 (IL.3)

F(r,t) is the sum of the random thermal forces in the fluid,
responsible for driving the Brownian motion of the
polymer chains, as well as those external forces which drive
the fluid flow; and o,(t) is the force exerted on the fluid
by the i** segment of chain «. The operator A, in the
polymer eq I1.2 includes any desired model dynamics of
the free chain, e.g., for the simplest case of the bead-spring
model, 112 it is

3kgT
12
with the usual nearest-neighbor Rouse matrix as
Ay = 285 = bije1 — by (IL5)

AL(OR(E) = ; A R0 (IL4)

Here kg is the Boltzmann constant, T is the temperature,
and [ is the Kuhn effective step length. The forces f,;(t)
include all the polymer—polymer interactions.

A. Scaling of Rouse Frequencies at Finite Con-
centration. As mentioned in the Introduction, the in-
ternal viscosity and its microscopic origins are not dis-
cussed in this paper. Hence, £, involves only the excluded
volume interactions. As in the treatments of Tschoegl,
Bloomfield and Zimm,!® and Ptitsyn and Eizner,'* we
assume that the excluded volume interactions are mani-
fested only as a change!® in the effective force constant
matrix by an overall scaling of ([R; - R/ ™)%/(|R; - Rj|™")¢%
Thus, in good solvents the polymer equation contains the
term

3kpT
12

AaiRai(t) = Z

J

Ols_ZAinaj(t) (11.8)
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L (R - R

ot = (I1.7)
) (IR; - RjI ™o

with «,%(;,j/) the nonuniform expansion parameter. In

obtaining «, 2, we use the static mean-square segment-

to-segment distance through first order in concentration,

¢, in the general form!®

([R; - Rj1?) = M AJi - jI"(1 - Bl¥cli - j|* + o(c?)) (IL8)

The first term in the right-hand side of (I1.8) describes the
fully developed intramolecular excluded volume effect, and
the second term describes that due to the intermolecular
excluded volume effect. Its form arises from the result of
lattice calculations.!” The coefficients A and B have the
dimensions of (length)!™ and (length)™/concentration,
respectively, The derivations given below and the final
results can readily be adapted to © solvent systems by
simply setting

v=1,

A=1, B=0 (I1.9)
Substituting (I1.8) into (I1.7), we get through o(c)
a = AU - )71 + BBelfli - ¢+ ) (IL10)

where the constant 3 is introduced to enable the imposition
of the requirement that the equilibrium limit of (IL.2) with
(I1.6) and (I1.10) reproduce the correct value of (II.8). The
constant 8 is to be determined below using the fluctua-
tion—-dissipation theorem.

B. Effectivie Medium Theory of Hydrodynamics
of Polymer Solutions. We now present the salient
features of the effective medium theory of the hydrody-
namics of polymer solutions at finite concentration!® which
provides our approximate solutions of (II.1) and (I1.2). We
are only interested in the average properties of the polymer
solution where the average is over the distribution of all
possible internal polymer configurations and the spatial
centers of mass for the various chains at some initial
instant of time. This averaged solution is described hy-
drodynamically by a stress tensor involving the summation
of a portion due to the pure solvent alone plus the as yet
unknown part due to the average effects of all the poly-
mers. Since only the divergence of the stress tensor occurs
in the (momentum flux) hydrodynamic equation, it is the
principal object of concern. The divergence of this polymer
contribution to the stress tensor is expressed as [dr’
dt Z(r—r';t—t)-u(r’,t’) where X is a tensor. Therefore, the
effective Navier-Stokes equation for the averaged solution
is represented as

p fzu(r,t) - gVau(r,t) - fdr’dt’z(r—r’,t—t’)-u(r’,t’) =
F(rt) (I1.11)

Suppose the averaging were initially carried out over all
chains but one particular chain a. If there were no sta-
tistical correlations between o and the other chains in
solution, lasting for times on the order of or longer than
w™! (where w is the frequency of the experimental probe),
we could view chain o as moving in the averaged polymer
solution rather than in the pure solvent. Thus, the in-
trachain hydrodynamic interactions within the test chain
« are determined by the averaged fluid with stress tensor
equal to that of the pure solvent plus the as yet unknown
part due to the remaining averaged polymer chains. The
problem of the chain dynamics of the test polymer « in
the averaged fluid now is analogous to that considered at
infinite dilution except that Z is still unknown. Never-
theless, given Z it is possible to evaluate the net increment,
6Z = 6Z(Z), due to the test chain «. However, since the
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chain « is identical to all the previously averaged chains,
the net increment, 6Z, is identical to that contributed by
each of the other averaged chains. Hence 2 is just N times
the contribution from «, i.e.,

Z = N6Z(2) (I1.12)

This procedure leads to a self-consistent set of equations
for the desired 2.

When a single chain is present in a pure solvent, the
hydrodynamic interaction between any two beads i and
J on the chain is described by the dynamic Oseen tensor
which may be written in integral representation as

_ ¢’k (“de (1-k7kk)
K (R;(t) - Ri(t)) = n) f 2 Gaope + 1ok X
expi-iw(t - t) + ik-[Ry(¢) - R;(t)]} (11.13)

In (I1.13) the time dependence becomes important when
wpy becomes comparable to ngk?, where k is proportional
to the reciprocal of some relevant length of interest.® The
minimum value of wpy is obtained by choosing this length
to correspond to the mean radius of the chain, n'/2/. This
implies that the fluid dynamics (the wpy term) can be
ignored for

Mo

ponl

w <

.~ 10° Hz (IL.14)

where the values (ny/0,) = 0.01 cm?s™, [ ~ 7TA,and n =
104 have been used to obtain the numerical estimates. As
current experiments on dynamical viscosities, and the ones
with which our theoretical predictions are compared,
involve considerably lower frequencies the wp, term may
be dropped. Neglecting wpy and evaluating the w integral
yields the static limit
43k

Ky (R;(t) - R (t)) = ot - t) f
(2m)3
(1 - k2kk) expiik-[R; - R;1} (IL15)

which, apart from the 6(¢ — ¢/, can be shown to be identical
to the familiar Oseen tensor.

When a single test chain undergoes dynamical motion
in the effective averaged medium containing the solvent
and the remaining N — 1 chains, the intrachain hydro-
dynamic interactions are described by the renormalized
concentration dependent effective “Oseen” tensor
(spherically averaged)

2 d’k dw
LK(R(t) - Ri(t)) 3 @n)? o X
(exp{-ik-[R;(t) - R;(t)]}})

{pro + 770k2 - 2(}3,(&))}

(nok?)1 X

exp[—iw(t ~ t] (I1.16)

The presence of 2 in the denominator simply implies that
the hydrodynamic disturbance propagates through the
averaged solution rather than the pure solvent in (I1.13)
and (II.15). At low frequencies, when iwp, may be ne-
glected, the frequency dependence of T generally implies
a frequency dependence for K,;. Physically, the origins of
this effect are clear. The term in T in (I1.16) arises because
a hydrodynamic disturbance, initially created at time ¢’
by bead j on chain «, propagates to chains g, 4, ..., before
returning to bead i on o at time ¢. Because of the re-
laxation of chains, 8, v, ..., this introduces a dynamical
character to this returning disturbance. As shown below
in section IV the important frequencies in Z(k,w) corre-
spond to the spectrum of relaxation frequencies of the
chains.
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When a detailed analysis is performed, Z(k,w) is found
in the limit of zero shear rate to be of the form,

12(kyw) = -%f_:d(t ¢ expl-iw(t t1] X

3 (expl-ik-[Ri(6) - Ry¢IADY,(et)) (L17)
i

where the polymer operator Y is given by

[a"—t1 + Kk, t-t'c)A ]Y =1 (IL.18)
and the angular brackets in (I1.17) and below denote that
an average is taken over an equilibrium distribution of
chain conformation and a uniform distribution of the
center of mass position at the initial time ¢. For explicit
values of the various matrices in (I1.18) see Appendix A.
It is thus seen from eq I1.16-11.18 that the equations for
K;i(t~t’c) and X are coupled. A continuous limit is em-
ployed where R(s’,t) denotes the position of the segment
at position s’ along the chain [R;(t) =R (s’ = ji, t)]. This
approach and the use of FOUI‘IBI‘ integrals are equlvalent
to the introduction of Kirkwood-Riseman type approxi-
mations for the Rouse and Rouse-Zimm infinite dilution
relaxation times.® Utilizing these approximations, the
coupled equations for = and K are (see Appendix A) as
follows:

S(kw) = M dqf At - t) X

exp[ iw(t — tHT(k,q,t-tVZ g t-t) (11.19)

” . A(g)
ZY g t-t) = f g—: explio(t - t’)][iw T AQKQ)]
- (I1.20)

K(gw) = f :d(s N T f :d(t K (s-s't-t) X
exp-iw(t — t)] (IL.21)

Tkgt-t) = [ dis-s) expligls - $1S(s-s'kt-t)
- (IL.22)
S(s-s’t-t"k) = (explik:[R(s,t) — R(s",t)]}) (11.23)
S(s—s’t-t" k) ~ exp{~(k:/6)([R(s,t) - R(s’t"]?) (11.24)

K(q,w) is the bead space-time Fourier transform of the
renormalized effective concentration and time-dependent
hydrodynamic interaction tensor for the Rouse mode with
wave vector ¢ = 2rp/nl (p, the Rouse mode index, is an
integer). S(s—s’,t—t’,k) is the dynamic concentration de-
pendent segment pair correlation function. M, is the
“monomer” molecular weight, N, is the Avogadro’s
number, and n is the number of effective Kuhn step
lengths per chain. A(g) is defined in (A3).

As dictated by the structure of the effective Navier—
Stokes equation, eq I1.6, the solution viscosity is given by
[E(k w) - Z(0,w)] (11.25)

[nsol(w) no(w)ll = —hm

ITI. Determination of ([Ri(t) - R;(¢)]?) at Finite
Concentration

The coupled equations for 2(k,w) and K(g,w), given in
the previous section, depend on the nature of the chain
dynamics through the appearance of ([R;(t) - R;(t)]?) in
I1.16 (see (I11.23) and (I1.24)). This is quite natural in view
of the fact that at low frequencies all the frequency de-
pendence of =(k,w) derives from the chain dynamics and
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that the correlation function ([R;(t) - R;(¢t)]?) contains
the relevant information concerning the chain relaxation
frequencies. [As demonstrated in section IV, this fre-
quency dependence also imposes upon the concentration
dependent effective hydrodynamic interactions K(g,w).]
It is therefore clear that it is necessary to determine the
nature of the concentration dependence of {[R;(¢) -
(t)]%) before being able to attempt approximate solutlons
of eq I1.17-11.21 at finite frequencies and finite concen-
trations.

The relevant information required to evaluate ([R;(t)
- R;(t)]?) can be obtained from the Langevin equation for
the dynamics of the test chain in the effective averaged
solution under the influence of the random forces which
drive the Brownian motion of the chain. Theories of chain
dynamics at infinite dilution are generally presented within
the diffusion equation formulation. The Freed-Edwards
theory of the hydrodynamics of polymer solutions at finite
concentration, on the other hand, is naturally approached
within the Langevin framework.®® Given the Langevin
equations and special conditions on the properties of the
random forces, driving the chain Brownian motion, it is
then possible to pass to the appropriate diffusion equation.
In this section ([R,(t) -~ R;(t)]?) is evaluated from the test
chain Langevin equation. This procedure involves an
analysis of the physical origins of the random forces re-
sponsible for the chain Brownian motion. At infinite
dilution (and no “internal viscosity”’) Edwards and Freed®
show that these forces arise from the random thermal
velocity fluctuations in the fluid which are transmitted to
the polymer chain by the hydrodynamic boundary con-
ditions (and then are propagated by hydrodynamic in-
teractions). The same result naturally emerges for finite
concentrations by use of the fluctuation—dissipation
theorem, a condition requiring that ([R;(t) - R;(t)]?) must
approach its equilibrium limit (I.8) as t — t".

The Langevin equation for the dynamical motion of the
single test chain in the averaged fluid of the solvent and
the remaining (configurationally averaged) chains is given

by®
<]
SR + mzj f dt’ Kyj(t-t',c) (IR (£) =
f dt’ dr dr’ 8[r - Ri(£)]G(r-r';t-t)-F(r',t) (IIL1)

where K;;(¢-t'c) is the above mentioned renormalized,
concentration dependent, hydrodynamic interaction be-
tween any two beads of a chain, and G(r-r';t—t’) describes
the dynamical propagation of hydrodynamic disturbances
between two space points r and r’ in the averaged solution.
G may be obtained from the solution of (I1.11) as

Ulrt) = f dr’ dt’ Gr-r'st—t)VF(r't)  (1IL2)

for any aribitrary F. In (IIL1), F is the sum of the external
forces, F, driving the fluid flow and the random thermal
forces, F*, in the fluid which drive the Brownian motion
of the polymer chain.'® Considering a fluid which is at rest
in the absence of polymers, F involves only the random
thermal forces,

F = F* (I11.3)
Equation IIL.1 merely states (i) that the chain dynamics
is governed by an effective Rouse-Zimm like equation
where the hydrodynamic interactions are determined by
concentration dependent effective values,®2%° (ii) that the
Rouse frequencies may become concentration dependent,
and (iii) that the Brownian motion is driven by the thermal
velocity fluctuations,
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V*(R;(t),t) = fdr" dt’ G(R;(¢)-r;t—t)-F*(x',t) (1I1.4)
occurring in the averaged fluid.

Using (II1.4) and taking the Fourier transforms of (II1.1)
with respect to both time and position variables, the chain
Langevin equation becomes

R(g,w) = Y(g,w,c) V¥(q,») (I11.5)
where Y is given by
liw + A@K(g,c,w)]Y = (I11.6)

in accordance with (I1.18).

Before proceeding further, we note the simple fact that
the Rouse mode relaxation rates, 2w(g), are the solutions
to the equation

iw(g) + Alg)K(g,c,w(qg)) = 0 (IIL.7)

Therefore, assuming that a single relaxation rate is relevant
(as shown to be the case in section V) the Rouse relaxation
times are given by

7(q) =

= [2A(@K(g.c,w(g)]?  (IIL8)

1
20(q)
This important result requires only the knowledge of the
renormalized, concentration and frequency dependent
hydrodynamic interaction tensor and the effective con-
centration dependent relaxation times, proportional to
A7(q), of the various Rouse modes of the polymer chain
in the free draining limit. The 7(g) are analyzed in greater
detail in the following section.

We now return to (IIL.5). Multiplying (IIL.5) with
R{g’w’) and taking an equilibrium configurational average
gives the dynamic correlation function between two modes
of the chain as

(R(gw)R(g'w)) = Y(g,w,c) Y(q'o',c)(V*(q:w) V¥(q'w'))

(I11.9)

Since V*(gw) is the velocity field arising from the
transmission of the random thermal forces from the fluid
to the polymer by the hydrodynamic boundary conditions,
the fluctuation—dissipation theorem may be utilized to
obtain the correlation function of these random velocity
fields. Defining 6(q) (to be determined below) such that

(V¥(q,w)V*(g'w)) = 0(g,c)é(w + w)dlg — g)  (IIL10)

and effecting two double Fourier transforms of (I11.9) we
obtain the expression®® for the dynamic mean-square
bead-to-bead distance

([R(s,t) - R(s't)]?) =

fd“’f —Y(qwc)Y(q,wc)@

0(g,c){1 - cos [g|s = s + w(t - t)]} (IIL11)

The value of 6(g,c) can be determined by specializing
(II1.11) for a polymer chain under static equilibrium
conditions, ¢t = t’, and by requiring that the correct
equilibrium value in (IL.8) is obtained. Substituting (I1.6)
intod(III.ll) and using (I1.8) for the left-hand side of (II.11)
yields

| ( | ) 2
lA S $ l + l;c 8§ -8 } we) = 2
A[m (271)

0(g,c)[1 - cos (g|s - s))] _
liw + A(Q)K(g,c,w)][~iw + AlQ)K(g,c—w)]
”d_q 0(q,c)[1 - cos (g|s — s)]
J:O 27 AM@)K(g,c,w))[1 + iA(q)|aK(q,c—w)/aw|wq +..)
(111.12)
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where w, is the solution of (IIL.7). Substituting (A3) into
(IT1.12) gives

Mey , 3K(g,c,~w)
O(g,c) = 0 )K(q Cwg)| 1+ iA(g) o L
(111.13)
¢t c'(v)
g=— o+ ) (I11.14)
o “dy (1 -cosy)
c(x) = j; on —-——(y)Hx (I11.15)

where ¢, and ¢, are given in Appendix A. Combining
(I11.6), (I11.10), and (II1.13) gives the dynamic mean-square
bead-to-bead distance,

dg dw Aley

— 4 2y =
<[R(S,t) R(s’t)]%) 2]_‘@ (27|')2 ¢'(v) X
K(g,cwo)l + 1A(g)0K(g,c,~w) /ow|,,, + ...]

fiw + A(@K(g,c,w)lf-iw + A(@)K(g,c,~w)} ®
{1 ~ cos [g|s — s + w(t - t9]} (I1.16)

1V. Frequency Dependent Hydrodynamic
Interaction

Using the continuous notation for bead position variable
and (I1.24), eq I1.16 becomes

d?k mdw
K(s—s't-t'c) = _f(Zvr)3 or X
explio(t - t) - (k2/6)([R(s,t)
[10k2 — Z(k,w)]
where the condition w << n¢k?/p, has been used. Ex-
panding K(s—s’t-t’c), {[R(s,t) - R(s,t)]?), and Z(k,w) in

a Taylor series in powers of concentration, retaining terms
in the lowest two orders in each case, yields

K(s—s't-t'c) = KO(s-st-t) + cKV(s-s't-t) + ...

- Rt

(Iv.1)

(IV.2)
([R(s,t) — R(s£9)%) = ([Ris,t) - Ris't)])o +

c([R(s,t) - R(s',t)]%); + ... (IV.3)

S(h,w) = c2V(k,w) + 22V (kw) + (IV.4)

Combining eq IV.2-IV.4 with eq IV.1 produces
d’k
(2m)?

KO(s—g't-t") = g

exp{—%Q([R(s,t) - R(s/,t’)]2>o}5(t -t) (IV.5)

KW(s-s't-t) = K, W(s—s't-t") + K,V (s-s't-t") =

- L dgk — _ ’ 2
97}0 (271')3 6(t t/)<[R(S,t) R(S 5t/)] )1 X
k2 d%k
expy- g([R(s,t) - R(st))%) } 2 X
2
(nok?)2 exp)— %([R(S,t) - R(st11%) £21_w_
e iy

expliw(t — t))ZV(k,w) (IV.6)

Thus, K9(s-s’,t-t") and K,V (s—s’t-t’) are frequency in-
dependent quantities [ad(t — t)]. The frequency de-
pendence of K enters to order ¢ only through K,V (s-
s’,t-t”), and this is now discussed in some detail.

From (I1.19) we obtain =W (k,w)as
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SOk ,) = —%’1 fo “dg d(e- 1)
exp[-iw(t - )T (kg t-t,c=0)ZP(q,t-t) (IV.7)
with
Z(O)'_l(q,t—t’) =
dw A0(g)

J:o o expliw(t - t1] liw + AO(QKO(q,0=0)] =
AO(q) exp[-AQ(@)KO(q,0)|t - t]] (IV.8)

Substituting (IV.8) and (I1.22) into (IV.7) vields

INy ne o .
SO(kw) = - T—M’; . qud(t— t’)j:md(s—s’) x

expi-lw(t - t) + ig(s - s) -
(Ry/B)([R(s,t) - R(s’,t)]%) -
AO(QKO(q,0)jt — t))AO(g) (IV.9)
When (II1.16) is substituted into (IV.9), we get the explicit
expression for TW(k,w),
ZNA >\Cl

SWOkw) = - —— —

my e ) dqj:md(t—mx

j::d(s =)@ expy —lwl(t —t) + ig(s —s) -

Acq ky Ay “dg’ dw’
- l+vK(0) F—t1- = — X
LOPKOQI -5 f o

KO(g)[1 - cos (gls — s+ '(t - t))]

(IV.10)
>\Cl 2
w?+ [ I(Q')H”K(O)(Q') ]

The g’ integral in the exponential may be evaluated
analytically, but the «’ one cannot (even under © condi-
tions). Thus, despite the fact that all quantities on the
right-hand side of (IV.10) are known, a four-dimensional
integral is required, and this would even be difficult to
perform numerically. (Note that the result is required in
(IV.6) with two additional integrations which cannot be
done analytically.) It is, therefore, evident that some
approximations are required at this stage of the calculation.
Here we use the approximation that ([R(s,t) - R(s%,¢)1%)¢
is replaced by its equilibrium value ([R(s) - R(s9]2), as
this then enables the analytical evaluation of ZV(k,w) for
O-solvent systems. In this approximation the frequency
dependence of ZW(k,w) arises only through the time de-
pendence of Z©1(¢ - t/). This does correctly exhibit the
dependence of =V(k,w) on the relaxation frequencies, 2w,
The calculation of ZM(k,w) is presented in Appendix B and
is shown to result under 6 conditions in

5/2
Sk = - RaN amol 1 T /4 4
312M, (F?+ E3] 2(2)1/2
™ iy iy s
E5/4F + —F1/6 — —F2F1/2 _ —FF7/6 Jd1
2(2)1/2 3F 6 3 ] (IV.11)
where
k412
= — 12
E 36 (Iv.12)
and

F = 3722w/ 22 (IV.13)

Macromolecules

Substituting (IV.11) into (IV.6) and again using the static
mean-square bead-to-bead distance for ([R(s,t) — R(s’,-
t9]%)o we get

2N,
3noMa

where I(g,w) is given in Appendix B.

As discussed in Appendix B, the use of the frequency
dependent W (k,w) in (IV.6) yields the same functional
dependence of 7(g) on the Rouse modes, g, as is given by
the use of Z™(k,0) in (IV.6). The only change is in the
numerical coefficient A of (I.1). Consequently, in the
following sections we use only K,V (g,w=0) and the re-
sultant static concentration-dependent K(g,c) to describe
the concentration dependence of Rouse mode relaxation
times and the frequency dependence of the Huggins
coefficient,

K,V (qw) = I(g.w) (IV.14)

V. Concentration Dependent Relaxation Times

The concentration dependent Rouse mode relaxation
times are given by (II1.8). In this section we analyze in
detail the relaxation rates within the simple static limit
[using K,V(q,w=0)] where the results may be obtained
analytically. The more general treatment with K,V(q,w)
of (IV.14) for © conditions is shown in Appendix B to
merely alter numerical factors. Given the static ap-
proximation the Rouse mode relaxation times follow from
(II1.8) as

7(g,c) = [2A(q)K(g,c,0=0)]"" =
A q—(1+u)
2he; K(g,0)

BCZ
1- Cﬁc—q_“ + .. ] (V.1)
1

K(g,c) has been evaluated in a previous paper!! as a
function of the exponents v and u. To first order in
concentration it is given as

o q” q((V/Z)—#~1)
K(ge) =K®(@ 1-¢ ElK(O)(q) - & Ko() * o

K©®(q) = £q/?V
1 7T1/2Z2ANA

El - 371’2170 MAV
@2 - /2)T((v - 2) /29T (1 - ») /¥)T () N
I -(/2)
cos [(2 - (v/2))7w /2] cos (vm /2)
cos [(1 - (v/2))w/2]
£y =

Bwl/z(i)l/zr(u-(u/zwn [( g+1)z]
2 \A R A RS

1 2 \l/2 v vm
E3=no7r3/2(3l—A) F(l_ﬁ)m[(l_i)ﬂ v

Substitution of (V.2) into (V.1) and use of ¢ = 2xp/nl gives
= 7,1 + cAp™] (V.3a)
«=((3v/2) - 1) (V.3b)

A = (é RN 53C2)(2_7f)““3”/ 7 (a0
&L & o nl

T 0 = A (21)_3V/2p—3v/2
P 2)\0153 nl

Tp

(V.3d)
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In the derivation of (V.3), the condition of u = (3v/2) ~
1 has been imposed in order to generate a molecular weight
independent Huggins coefficient. A small value of |u —
(3v/2) + 1} may be permissible, and the theoretical ex-
pressions can readily be obtained in this case. The result,
u = (3r/2) - 1, has recently been obtained by the scaling
theory.!6

Equations V.3 are general, and the leading concentration
dependence of Rouse mode relaxation times can readily
be calculated for any value of the exponent v. For ©O-
solvent systems, use of (I[.9) reduces to

Ty = Tpo[l + cAp™
mo(8DY2( 1l \3/2
AN L3 p3/2

T T \2n
K="
wNAZQ( I )1/2( nl )1/2
A = ——2MA 3 o (V.4)

Note that all the Rouse mode relaxation times are
lengthened by an increase in concentration, in agreement
with the experimental data. The structure of (V.3) shows
that all the Rouse mode lifetimes, 7,/7,°, have a leading
concentration dependence varying as ~p™. Hence, the
lowest mode is shifted the most by an increase in con-
centration. Johnson et al.? consider two extreme models
as follows: (i) All Rouse mode relaxation times are equally
affected by concentration, 7, = 7,°(1 + ac), where a is a
constant. (ii) Only the lowest mode lifetime is affected by
concentration, 7, = 7,%1 + ac); all other 7, = 7. They
conclude, based on their experimental data, that the
second model is closer to reality than the first, but that
the actual situation corresponds to an intermediate case
where the longest relaxation time is the first to be affected
by increasing concentration and the others are affected to
successively lesser degrees. Our derived result, (V.3), gives
a quantitative portrayal of the same suggestions of Johnson
et al., since it is the longest relaxation time that is the-
oretically found to be shifted the most as a function of
(low) concentration.

The experimental analyses of Johnson et al. focus on a
dimensionless quantity y which is related to the con-
centration dependence of the viscoelastic properties. After
defining v, we evaluate it from our theoretical expressions
in order to make comparisons with the experimental data.
The comparison between theory and experiment provides
a partial check on the uncontrollable approximation in-
troduced by use of equilibrium values of ([R; - R;]?)
instead of ([R;(t) —~ R;(¢t)]?) in (IV.6) and (IV.7).

The storage shear modulus, G’ and the loss shear
modulus, G”, are given by!?

cR Tcl wQTpZ

M) o (1 + w21p2)

1
G’ = —cwnOIm-Ensp(w,c) =

cR T01 pr

Mcw)p' (1 + wz'rpz)
(V.5)

where (VL5) has been utilized [see the next section for the
expression for ny,(w,c) that has been quoted here.] Define
4’ to be the ratio between the slope and the intercept when
G’/c is plotted against ¢ and v” to be the corresponding
ratio when (G” - wng) /¢ is plotted against c¢. Further, let
v be equal to v’/~”. Substituting (V.3a) into (V.5) and
assuming that the frequencies are low enough that wr,°
<< 1, for all p, we obtain

1
G~ wny = cwnoRe;nsp(w,c) =
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v = ZA(Zp'“Tp()?/ZTpOZ), wr®<<1 (V.6a)
p P

v = ‘A(Zp—xpr/ZTpo), wr; <<'1 (V.6b)
D b

Use of (V.3b) and (V.3d) in (V.8) yields

R SLO/D ~ 1) {B/D 6 for a 6 solvent

= = Z. or a s01ven

K (GBr-1 (G

v = 2.8445-2.7394 for a good solvent (v = 1.1-1.2)
V.7)

where ¢ (¢) is Reimann’s ¢ function. Johnson et al.? ex-
perimentally obtain v in the range of 2.3-3.7 for a © solvent
and 2.4-3.4 for a good solvent. Thus, the agreement
between our theoretical values and the experimental ones
is reasonably good. A more stringent test may be ob-
tainable from light scattering experiments.??

VI. Dynamical Shear Viscosity of Polymer
Solutions and Huggins Coefficient

Expanding the exponential in (A8) and combining with
(I1.25) gives (see Appendix C)

1 _ 2NAI © c3dw/
Srelw0) = = 3o dls-8) f ks
[([R(s.) = Ris'2)]2) | M(s) Yiss ) (VD)

where we define the quantity
[{[R(s,t) = R(s/t)])?)] e =

S 7d( - 1R Gs.0) - REs3012) expl-ie - @) (¢ - 1]

Its frequency dependence may be retained in (VI.1) be-
cause this term enters only as a linear factor in (VL.1) as
opposed to the intractable exponential dependence in
(IV.10). Substitution of (IIL.16) and (A2) into (VI.1) yields

1 2NA>\Z2C1 @ ®
Ensp(wsc) =- m ‘fmd(s - s’)‘fcc dt -t) X
*dq dg’ dw’ dw” i
—_—m—n @ - —_
j; (@m) explig]s — s

Alg) o
[iw, + A(q ,)K(q ,’C:w/)]

Hw — o) (t - t)}

[(K(g,c,w)[1 + iA(g)|[9K (g,c,-w) /9] s, + ...] X
f1 - cos [gls = s+ «”(t = M/ (iw” +
M@K (g, cw-iw” + AlQ)K(g,c,~”)])] (VL2)

= N\, “dg y
cnsp(w,c - 3neMac’(v) o T
1
[iw + A(@)K(g,c,wy) + A(@K(g,c,w—w,)]

(VL3)

If we approximate (VI.3) by neglecting the w, and w de-
pendences in K, eq VI.3 becomes

1 Nal?c, “dg 1
—nplw,) = 77— — =
c 3noMac’(v) o T [iw + 2A(9)K(g,c,0)]

(VL.4)
Use of (V.1) gives
1 ZkBTNACI U
oMol = D) ST F ey VD)

Using the definition of the Huggins coefficient
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1= (1 + [nlc + kyln)%c® + ..)
(VL5) gives an expression for the Huggins coefficient
2p /(1 + iwrp0)?

_ kBTNAcl -1 D
() = (noMC’(V) ) A (27,0 /(1 + iwrp"))?
P

(VL6)

Thus, this derivation shows that the knowledge of Huggins
coefficient can be utilized to obtain the values of A which
determine the relative magnitude of the concentration
dependence of the Rouse mode relaxation times. In
general the frequency dependence of the Huggins coef-
ficient is rather complicated, as is seen from (VI.6).
However, if wr,° << 1, then the above expression reduces
to the static values of ky obtained in ref 11. This implies
then that for low enough frequencies, the Huggins coef-
ficient is independent of the frequency, which is borne out
by the experimental results of Johnson et al.

VII. Conclusion

A theory has been presented for the dynamic viscosity
for polymer solutions at low, but finite, concentration.
Apart from the basic assumptions in the Freed—-Edwards
theory, it is argued that for low enough frequencies, the
frequency and concentration dependent hydrodynamic
interaction can be replaced by the static concentration
dependent hydrodynamic interaction. Corrections for 6
solvents merely alter some numerical coefficients.

The major results of our theory are the following:

(1) The relaxation times of all the Rouse modes are all
lengthened as a function of the concentration of the
polymer solution,

T, = Tpo(l + cAp™+ ..)

The lowest Rouse mode is the one that is shifted the most.
The higher modes are progressively less affected.

(ii) The concentration dependence of the relaxation
times depends on whether the solvent is a © solvent or a
good one. All the relaxation times are less affected in good
solvents than in 6 solvents. Moreover, the decreasing
importance of the shift for higher Rouse modes becomes
more pronounced in a good solvent.

(iii) The dimensionless ratio, v, which is a useful ex-
perimentally utilized measure of the concentration de-
pendence of the viscoelastic properties of polymer solu-
tions,’ is calculated to be 2.4366 and 2.7394-2.8445 for ©
solutions and good solutions, respectively. This is in
agreement with the eperimental results of Johnson et al.?

(iv) For frequencies wr,? << 1, the Huggins coefficient
is independent of the frequency. For high frequencies, it
behaves as

Zp"‘rpo/(l + iu.)‘rpo)2

_ [ BsTNacy -
Falw) = (noMc«v) ) H T/ + o

when the frequency dependence of K is neglected.
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Appendix A

The polymer operator Y is defined as the solution to the
equation

p‘é I dt’[ aitéipﬁ(t -1 + K,-p(t,t’)Ap(t’)]ij(t’,t”) =
16,3(t - ) (A1)

Macromolecules

Using the continuous notation for polymer bead positions
and combining with (I1.6) and (I1.10) and Fourier trans-
forming with respect to time and position variables
converts (Al) to the explicit “solution”

Al@QY(qw) = M) /[iw + A(@K(g,cw)]  (A2)

where

Zq‘“) = A9(g) + cAD(q)
(A3)
A = 3kgT/! (A4)

Ao 8Bc
= — 4 <+
Alq) 2614 (1 c o

and ¢; and ¢, are constants which arise from the integration
and depend on the variation of K(s—s’,c,w) with s —s’. For
example, when K(s—s’c,w) « |s — s]™/2 the constants are

I'(2 - (3v/2)) cos [(w/2)[2 - (3v/2)]]
I'(1-(v/2)) cos [(x/2)[1 - (v/2)]]
L2+ p—(3v/2)) cos [(r/2)[2 + pu - (3v/2)]]
P(1 - (v/2)) cos [(z/2)[1 - (v/2)]]

[

Cy =
(A5)

where T'(£) is the gamma function.
In the spirit of the preaveraging approximation, the
average in (I1.17) is approximated by a product of averages

S(kw) = -~f d(t - 1 expl[-iw(t - t)] X
Z(eXp{-ik-[Ri(t) - R;(t)H (ALY ;(tt)) (AB)
[N

This approximation is carried out with all the concen-
tration dependences of ([R,-(t) - R;(t)]%), (AY;(t -t)),
and K;;(t - t/) intact. It is thus assumed that in the low,
but finite, concentration regime, which is discussed here,
correlations between chains for time scales greater than
w™! can safely be ignored. Substituting (A2) into (A6),
changing to continuous variable notation for bead posi-
tions, and Fourier transforming then leads to

¢IN,
2ke) =31, dqf d(t - t) exp[-iw(t - t1] X

mdw . A(Q)F(kyq,t t,)
‘L 2 IO G @R Gee] A7

where I'(k,q,t-t") is given by (11.22).

Appendix B
For O-solvent systems, (IV.10) reduces to

AN, pe . .
W (kyw) = TM:fO dg g f de-) [ dis -5 %

exp{~iw(t - t) + ig(s — s) — (k2/8) X
([R(s,t) - R(st)1%)0 — Ag2KP(q,0)|t - t1} (B1)

When the equilibrium value ([R(s) - R(s%)]?) is used in the
exponential of (B1), the latter is reduced to

2l2N )\ 2
SO(hyw) 2 (g
67Mx (B8 + 7]
Y 2K(0) ’0
q (g,0) (B2)
[ + NgtKO(g%,0)]
R25/2N ypy e q"?
SW(k,w) = - B3
(k) 2(3)1/2MAf EroFEy B
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]‘ZQNATIOF)/2 1 %
3l2M,  (F?+ EY)

[2(2)1/2(E11/4 + E5/4F) + _(F11/6

E(U(k,w = -

V,E2F/? — EFNG)]

(Iv.an

where E and F are defined in (IV.12) and (IV.13).
Substitution of (IV.11) into (IV.8) gives

NLI3? fm k%l/3 y
3(3) 2 iMoo [(R2/6)? + ¢%
1
(F? + E3)[ 2(2)1/2

%(Fn/e _ %Eﬂpl/? - EF’”G)] (B4)

Kz(l)(q5w) =-

(FU1/4 + E5/4F) +

Performing this rather tedious integration results in
12

o) —_ A
K, (g,w) 3 OMAI(q,w) (IV.14)
where
1 1 3t/2 -1 T(%)T (%)
I _— 5 -
(@) = T ){ 41 +[ 18 9@ r
1‘(“/12)1"(1/12) o 1
A 12,)0)2/3 4 2,7/2(41/2
18(2)!/2r a4 g Halte) +

36 9(2)2r

1 L)L (%)
9(2)V/2g

N INCZPNNCZPRY ]qz(al/Zw)Z _

2 T(h)T (%)
él-q3/2(a1/2w)7/3_[1+3 _ /12)T (s B

18 18(2)Y/2x

T(*%)T ") 1
oAy iy 1/2,,0)10/3 _ = ~1/2(41/2,,)11/3
22 % (at%w) 3q (al/2w) (B.5)
and a = 3722/ A% When w = 0, (B5) clearly shows that

1(g,0) = g™ (B6)

Substitution of (B6) into (IV.14) gives the same result
given in ref 11 for K,V(q,w). It is also seen from (B5) that
I{q,w) becomes important only for w ~ a?¢%2 Under this
approximation (B5) simply becomes

I(g,w) ~ xq™

where x is independent of g. Thus, keeping the time-
dependent Z91(q,t~t" in the derivation results only in
a change in the numerical coefficient in (B6). The
functional dependence of K;(g) on g remains the same
in both cases.

Appendix C

The evaluation of the viscosity of polymer solutions at
finite concentrations has been beset by a number of
technical difficulties. Earlier work led to the appearance
of improper integrals for the Huggins coefficient. On the
other hand, the Freed-Edwards theory does not encounter
divergent integrals. However, there still persist a number
of very technical mathematical problems., In order to
properly consider the concentration dependent solution
viscosity, it is necessary to self-consistently evaluate the
concentration dependent effective hydrodynamic inter-
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action, K of (I1.16), the polymer contribution to the di-
vergence of the stress tensor [or equivalently Z of (IL.17)].
Both of these quantities, in turn, depend upon
(expl—ik-[R,-(t) - R;(t"1}) which can only be written, cf.
(IT1.16), in terms of K. The presence of factors of ([R;(¢)
-R; (t1]?) in exponentials has proven, heretofore, to be
mathematlcally intractable. Two approximations have
therefore been invoked as follows:

(1) We employ a continuum limit which is in the spirit
of the original Kirkwood-Riseman type approximation for
K within the Rouse mode representation.

(2) When ([R;(t) - R; (t’)] appears in exponentials, it
is replaced by the time- 1ndependent equilibrium value ([R;
- R})?) because of our mablhty to mathematically handle
the former as explained in this paper.

Approximation (1) implicitly involves the use of the limit
of long chains, L — =, before considering the hydrody-
namic limit, k2 — 0, to extract the polymer viscosity from
(I1.25). The correct order of the limits should be to
consider k2 — 0 first, then to take L — «. Thus, k2Ll must
be a small parameter in the hydrodynamic limit, while
approximation (1) implicitly considers it to be large. This
leads to an overall error of a factor of 0.5 in calculated
static viscosities. Approximation (2), on the other hand,
ignores the presence of exponentially decaying contri-
butions to {[R;(¢) - Rj(t’)] )y which leads to an overall error
of a factor of 2 in static viscosities when the equilibrium

([R; - R;]%) is employed from the outset. The net effect
of both approximations (1) and (2) is to offset each other
for static viscosities.

However, in the present paper we are concerned with
dynamical viscosities at finite concentration. Approxi-
mation (1) is still invoked to enable the evaluation of the
required expressions, but the dynamical ([R;(¢) - R;(t)]?)
is, of necessity, retained in the expression in (VI.1) for
n{w,c), so the offsetting of errors does not occur, and (VI.1)
requires an extra overall factor of 2 to compensate for this
fact. While the point is rather minor, it is a very subtle
one, so an explanation of these factors of 2 is provided in
this appendix.

The above noted errors can be illustrated simply by a
consideration of the zero frequency intrinsic viscosity as
calculated using the schemes of (a) approximations (1) and
(2), (b) (1) only, (c) (2) only, (d) exact. In cases (a) and
(d) the identical correct results are obtained. For cal-
culation (b) the expression for the intrinsic viscosity is

[n] = 3Ln0MAcp lf di -tH x
27p
j‘ d(s - s)([R(s,t) - R(s"t)}*) ® A“”(T) X

2wip 27p 27p
exp[—(s—s’) /\(O)( T )K(O( T 0)1t—t1]

(C1)

Utilizing (IT1.16) it is found that (dropping the p = 0 part
which does not contribute to (C.1))

- 2mip
Jimd(s - s)([R(s,t) - R(s’tN]*) exp[ L (s -s9 ] =

Aey 1 27p
it U S P gl TR §
/) A<°>(27rp/L)exp[ ( L )' 1]
p # 0 (C2)

The integral over ¢t — t’ in (C1) results in a factor of
[2A9(q)K©(q,0)]%. If the equilibrium value ([R(s) -
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R(s)]?) were used instead [calculation (a)], the ¢t = ¢’limit
of (C2) would be utilized in (C1), resulting in a value twice
as large. Hence, calculation (b) is too small by a factor of
2. 7

In order to consider calculation (c) it is necessary to
employ a discrete notation as is done in ref 8 and 9. In
these calculations the finite chain length corrections in-
volve terms of the form exp(-k2L!/6) — 1 which would yield
a predicted viscosity twice too large if retained. Conse-
quently, if approximations (1) and (2) are not simulta-
neously employed, the appropriate overall factors of 2 or
0.5 must be appended. At infinite dilution calculations
may be done precisely, but at finite concentrations the
approximations (1) and (2) become invaluable. Present
understanding of the intricacies of the ordering of the
limits, arising from approximation (1), may enable us to
alleviate the necessity of applying these correction factors.
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ABSTRACT: It is proposed that the onset of entangled behavior with increasing N (degree of polymerization)
in polymer solutions of concentration ¢ > ¢* (overlap concentration) corresponds to the point where molecular
diffusion becomes restricted to reptation alone. An internally self-consistent model for reptation in such solutions,
based on a reptation and “tube”-reorganization concept, is developed. By treating the relaxation of molecules
as a cooperative phenomenon the onset of reptation is identified as a second-order, ferromagnetic-like transition
occurring at a critical N and entanglement density. It is possible to compare some predictions of our treatment
with experiments on the variation of N, (critical N for onset of entangled behavior) with ¢, by incorporating
results of previous studies on static-correlation properties in semidilute polymer solutions. The agreement

is surprisingly good.

I. Introduction

There is a well-known transition in the time-dependent
properties of polymer solutions occurring at concentrations
well above the overlap concentration!® ¢ = ¢* (indeed, in
undiluted polymer) as a function of molecular weight M:
this is the onset of “entangled” behavior,!”* which man-
ifests itself in a number of properties. The variation of
steady-flow viscosity n for ¢ > ¢* as a function of molecular
weight M (or N, the degree of polymerization) shown in
Figure 1 is an example.»** Experimentally, a rather sharp
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Weizmann Institute of Science, Rehovot, Israel.

0024-9297/178/2211-08528%01.00/0

change in the slope of the log N vs. log 7 plot is observed
to occur at some critical polymer length N = N The value
of N, varies with the concentration ¢; for undiluted
polymers N_ is the equivalent of around 300-600 backbone
units, the value depending on the polymer. The experi-
mental situation has been extensively reviewed.}?

The precise nature of entanglements and the role they
play in modifying the dynamic properties of concentrated
polymer systems are not well understood. It is customary
to consider® the critical point at N = N, (or M = M,) as
that at which entanglement couplings between different
molecules form; as molecules drag past each other there
is enhanced friction at the coupling points, leading, for
example, to the higher N dependence of n (Figure 1) as-
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